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The Lotka-Volterra Equations

The Lotka-Volterra equations show
how the population densities of two
species change with time.

dx

dt
= αx − βxy

dy

dt
= −γy + δxy

where α, β, γ, and δ are positive
constants which represent the
interactive behaviour between the
two species.

This is an example of the solution curves of the Lotka-Volterra
system given parameters:
α = 3
β = 1
γ = 3
δ = 1
and initial conditions:
x0 = 5
y0 = 5
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Plotting the solution curves in the x-y plane

Before we plot the solutions, it is always a good idea to find the fixed
points of the system. Roughly speaking, such points encode the behaviour
of the system.

dx

dt
= 0 ⇒ αx − βxy = 0

⇒ x(α− βy) = 0

⇒ x = 0 or y =
α

β

dy

dt
= 0 ⇒ −γy + δxy = 0

⇒ y(−γ + δx) = 0

⇒ y = 0 or x =
γ

δ

Therefore, we have two fixed points:

(0, 0) and

(
γ

δ
,
α

β

)
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Plotting the solution curves in the x-y plane

Let us take a look at a typical plot using the initial conditions discussed
previously.
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How might the use of pesticide affect the system?

A pesticide is a chemical used to kill ’pests’ which may harm plants,
humans, or animals. In agriculture, pesticides are used to cull prey species
that feed on crops.

Let’s introduce a q which represents the effect of pesticides on both prey
and predator populations.

dx

dt
= αx − βxy − qx

dy

dt
= −γy + δxy − qy
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Finding fixed points of the pesticide-affected system

As we did previously, let’s find fixed points of this system. Comparing both
systems’ fixed points may indicate the effect of the pertubation.

dx

dt
= 0 ⇒ αx − βxy − qx = 0

⇒ x(α− βy − q) = 0

⇒ x = 0 or y =
α− q

β

dy

dt
= 0 ⇒ −γy + δxy − qy = 0

⇒ y(−γ + δx − q) = 0

⇒ y = 0 or x =
γ + q

δ

Therefore, we have two fixed points:

(0, 0) and

(
γ + q

δ
,
α− q

β

)
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The solution curves of the pesticide-affected system

The animation below shows us what happens to the population both
before and after adding pesticides.
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The paradox of the pesticides

If a stable ecological system described by the Lotka-Volterra equations is
perturbed to account for the use of pesticides, then we observe the
following:

The population density of the predatory species decreases after
using pesticides.

The population density of the pest species increases after using
pesticides.

We did this by observing what happened to the fixed points as we
perturbed the system by a factor of q, accounting for the impact of
pesticides on both population densities equally.
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